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New upper bounds for the size of minimal maximal k-cliques are obtained. We 
show (i) m(k) d k5 for all k; (ii) m(k) < ik2 + Sk - 1, if k is a prime power. 0 1987 
Academic Press, Inc 
1. INTR~OUCTI~N 
A k-clique is a collection of k-sets (called lines) such that each pair has a 
nonempty intersection. A k-clique is maximal if it is not possible to add a 
new line to the collection without violating the clique-property. 
The following bounds have been obtained for m(k), the minimal number 
of lines in a maximal k-clique (PG(2, n) stands for any projective plane of 
order n): 
(1) m(k)>$k-3 (Erdiis and Lovasz [IS]); 
(2) m(k) < k2 - k + 1 if a PG(2, k- 1) exists (Meyer [lo]); 
(3) m(2k) d 3k2, m(k2 + k) < k4 + k3 + k2 if a PG(2, k) exists (Fiiredi 
C71); 
(4) m(ki1+k”p’)<k2”+k2”-1+k2”-2 for all IZ if a PG(2, k) exists 
(Drake and Sane [S] ); 
(5) m(k) 3 3k (if k > 4) (Drake and Larson [4]); 
(6) m(k) < kfCk), where f(k) = c.k7/12 (Fiiredi [7]). 
In this note we show 
(a) m(k) < k5 for all k; 
(b) m(k) < zk2 + $k - 1 if k - 1 is an odd prime power > 7. 
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2. BLOCKING SETS 
Let H be a collection of sets. A set B is called a blocking set of H if 
B n U # 0 for each UE H. The following theorem of Brouwer and 
Schrijver 1121, and Jamison [9], will be needed in construction I. 
THEOREM. Let B be a blocking set of (the collection of lines of the 
desarguesian affine plane of order q. Then 1 B I> 2q - 1. 
Remark. Let H be a k-clique. Then H is maximal if for each blocking 
set BofH, BEH,~~ IB(>k. 
3. CONSTRUCTION I 
In this section we shall construct a maximal k-clique H with / H( <k’, 
for each k. 
LEMMA. Let q be a prime power and 2 <s < q- 1, then m(q+s) < 
(q2 + 4) m(s). 
Prooj Construct a (q + x)-clique as follows: A = the collection of lines 
of the desarguesian plane AG(2, q). Si, S2,..., S,, 1 are disjoint copies of a 
maximal s-clique with m(s) lines. To each of the q $1 directions 
(= parallel classes) in AG(2, q) let there correspond one of the Si. Define 
the (q +$)-lines to be all sets of the form Ziusi, where li is a line in 
AG(2, q) with direction corresponding to Sj and si is a line in Si. 
CLAIM. This defines a maximal (q -t s)-clique H with (q2 + 9). m(s) lines. 
Proof of the Claim. Obviously the collection forms a (q + s)-clique with 
(q* + q) . m(s) lines. It remains to be shown that it is maximal. Let B be a 
blocking set of H, and suppose 1 B 1 < q + s. Let T, = U { t / t E S,>, i.e., Tj is 
the set of “points” of S;. 
Case 1. For all i E { l,..., q + 1 }, 1 B n Ti 1 < s. In this case, B n AG(2, q) 
must be a blocking set of AG(2, q). (For each i there is a t E Si that does 
not contain a point of 8. Hence all lines of direction i in AG(2, q) contain a 
point of B.) Hence IBI 32q- 1 >q+s. 
Case 2. For some, but not all, i we have 1 B n Til <s. In this case 
I B n AG(2, q)l 3 q, since all lines of direction i must be blocked if 
IBnT,I<s.Also IBnT,/asforsomejandhence JBl>q+s. 
Equality implies B n T, = Qr for all i # j and 1 B n Tj ( = s. Now B n Tj is 
a blocking set of T, of size s. Hence B n Tie S,. Also B n AG(2, q) 
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blocks all lines of AG(2, q) except possibly those of direction j. Since 
1 B n AG(2, q)/ = q this set must be a line of AG(2, q) of direction j. Hence 
BEH. 
Case 3. jBnTj/>sforalli.ThenIBI>(q+l)s>q+s. 
The following theorem shows that each number can be written as the 
sum of a prime and a small number. 
THEOREM (Heath-Brown and Iwaniec [8]). Let px- be the kth prime. 
Thenp,+,-p,<pi15. 
(The actual theorem is a bit stronger, but 4 is enough for our purpose.) 
THEOREM. m(k) < ks for all k. 
ProoJ: By induction: k can be written as p +p” with e < 3 by the 
preceding theorem. Hence m(k) = m(p +p’) d (p2 +p) .ps’ < (p +pe)’ = k’. 
4. CONSTRUCTION II 
In this section we shall construct a k-clique H of size +kk2 -I- Sk - 1 if k - 1 
is an odd prime power 3 7. The idea is as follows: Start with PG(2, k - I ), 
add some new k-sets. Throw away lines that do not intersect the new sets. 
Add k-sets until the clique is maximal. 
LEMMA (Blokhuis and Wilbrink [ 1 I). Let A, B be disjoint subsets of the 
desarguesian plane PG(2, q); 1 A 1 > q, 1 B I = q + 1, such that each line that 
intersects A also intersects B. Then B is a line. 
CONSTRUCTION OF H. Let PG(2, q) denote the desarguesian projective 
plane of order q. Define sets Ai, i= 1,2, 3, by A, = ((0, 1, t)l(-t) is 
a non-square in GF(q)); A*={(t,O, 1)1(-t) a non-square}; A,= 
((1, t, O)/ -t= a >. 
Note that 1 Ai/ = i(q - 1) and that each line that does not pass through 
one of the points e, = (LO, 0), e2 = (0, 1, 0), or e3 = (0, 0, 1) intersects zero 
or two of the A,. 
Define a new line {er) u A, u A, u (P> for each point P on the line 
x=0. And similarly: {e,}uA,uA,u{Q~; (e,j-uA,uA,u(R) for all 
Q on the line y = 0 and R on the line z = 0. This gives 3(q f 1) new lines. 
Delete the following lines: 
1. All lines through ei that miss the set Ai, i= 1, 2, 3; 
2. All lines that miss A, u A,u A, u (e,, e2, e,]. 
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Remark. Note that for each PEA, v A, u A, all projective lines 
through P are still in the set. 
Claim 1. The collection of lines H obtained in this way is a (4 + l)- 
clique 
Claim 2. H is a maximal clique. 
We only prove Claim 2. Suppose H is not maximal, B a blocking set of 
Hand jBI=q+l. 
(1) If IBnA,I > 1 then A;cB. To show this, assume PEA,\B. Since 
all (projective) lines through P must be blocked and 1 B I= q + 1 they must 
all be blocked precisely once. Hence 1 Bn Ai1 < 1. 
(2) Suppose IBnA,I<l for i=l,2,3. Let A=(A,uA,uA,)\B. 
Then /A I 3 q and I B / = q + 1 and each (projective) line through a point of 
A contains a point of B. Hence B is a line of PG(2, q), i.e., BE H. 
(3) For some i we have A,c B. 
Then Bc ((x,y,z)lx=O, y=O or z=O}. For suppose bEB and b not 
on one of the lines x = 0, y = 0 or z = 0. Then any line joining b to a point 
in Ai intersects another A,,, moreover, the point of intersection belongs to 
B. Hence w.1.o.g. A r, A 2 c B and the remaining points of B must be e3, and 
a point on z=O, i.e., BEH. Hence indeed Bc{(x,y,z)I.x=O, y=O or 
z=O}. 
But if IBn{(x,y,z)lx=O)l>l, thenA,cB, and similarly for A, and 
A,.Hence,eitherB={(x,y,z)lx=O}(ory=Oorz=O),orA;,A,cB.In 
both cases BE H. 
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